We describe a special class of ballistic geodesics in Schwarzschild space-time, extending to the horizon in the infinite past and future of observer time, which are characterized by the property that they are in 1-1 correspondence, and completely degenerate in energy and angular momentum, with stable circular orbits. We derive analytic expressions for the source terms in the Regge-Wheeler and Zerilli-Moncrief equations for a point-particle moving on such a ballistic orbit, and compute the gravitational waves emitted during the infall in an Extreme Mass Ratio black-hole binary coalescence. In this way a geodesic description for the plunge phase of compact binaries is obtained. 
Introduction
The physics of black holes has become a subject of intense interest, pursued in theoretical and observational research by physicists and astronomers. One of the most promising roads to explore large black holes is by the detection of gravitational radiation from their interaction with compact objects, including other black holes.
It is widely expected that in the next decade the detection of gravitational waves of astrophysical origin will become a reality. Experimental evidence is to come from the ground-based interferometers LIGO and VIRGO [1, 2] as well as from the future missions eLISA and DECIGO [3] . Binary systems including a black hole are among the most prominent potential sources for detection.
The class of Extreme Mass-Ratio binaries (EMRs), in which a black hole of large mass M is accompanied by a compact object of much smaller mass µ, such that µ/M 1, is of particular interest because the compact object acts in many respects as a point-like probe of the black-hole geometry. From the theoretical point of view, compact binaries like these can be studied via perturbative methods, with the static or stationary black-hole solutions of General Relativity as a first-order approximation [4, 5] .
Analytical results for the orbits of test masses in Schwarzschild space-time are found in standard text books [6, 7, 8] . Complete geodesics -meaning the full space-time position as a function of (proper) time-are less easy to compute, and usually given only in the form of implicit expressions. For practical applications several perturbative schemes have been developed to construct satisfactory approximations. The post-newtonian expansion, computing relativistic corrections to Kepler orbits, has been developed to high order in the parameters 1 v/c and GM/rc 2 ; see refs. [9, 10] and work cited there. In refs. [12, 13, 14, 15] another, fully relativistic scheme was developed based on covariant deformation of known (circular) orbits. This last method, developed to second order in the deformation parameter, was also shown to give very good results for the gravitational wave signals from quasi-periodic bound orbits with moderate eccentricities.
In the present paper we extend the relativistic calculations to include a particular class of unstable orbits, describing test masses falling towards the horizon in the regime where the motion is no longer quasi-periodic. A well-known extreme case of infall is the straight plunge along a radial orbit, which was dealt with extensively in refs. [16, 17] . Here we focus on the opposite extreme, infall from a periodic orbit, in particular circular orbits close to the innermost stable circular orbit (ISCO).
Such unstable orbits are interesting on their own and shed light on the dynamics of EMRs, so they can also be used for the evaluation of gravitational radiation. It is known [19] that EMR coalescences go through three different stages, which are commonly reffered to as the inspiral, plunge and merger-ringdown. During the inspiral the smaller companion µ follows bound quasi-periodic orbits, such as those studied in [13, 14, 15] . Loss of energy through GWs generally translates in a loss of eccentricity (circularisation) in this phase, although the eccentricity may increase again just before plunging [18] , depending on the parameters of the orbit and its evolution 2 . However, the region of the ISCO is where the plunge sets in and the unstable orbits in some range of parameters can be used in the description of this phase and the following. In particular they show that an EMR plunge can follow an almost-circular path at the beginning, up to radial values 5M r < 6M whereṙ ∼ rφ, followed by an approximately straight plunge, where the radial velocity becomes comparable with the transverse velocity. Moreover our particular unstable orbits may be the starting point for a geodesic deviation expansion [13, 14] which can give an even more realistic description of the final plunge of an EMR system. This paper is organized as follows. In sect. 2 we review some elements of geodesic motion in Schwarzschild space-time, and show the existence of unstable infalling geodesics which are completely degenerate in energy and angular momentum per unit of mass with circular orbits. In particular, just like for the circular orbits (but approaching from the other side) the limit of stability of these geodesics is the ISCO. In sect. 3 we give explicit analytic relations between the space-time co-ordinates (t, r, ϕ) of an infalling test mass, including an expression for the proper time τ . In sect. 4 we use these results as input to derive expressions for the source terms in the Regge-Wheeler and Zerilli-Moncrief equations [20, 21, 22] for gravitational waves of a point mass in a Schwarzschild background. The wave equations are solved numerically using the Lousto-Price algorithm [23] . In the final section we discuss the results and compare them with similar results in the literature for infall from the ISCO.
Motion in Schwarzschild space-time
Time-like geodesics in the equatorial plane of Schwarzschild space-time are characterized by two constants of motion, the proper energy and angular momentum per unit of mass of a test particle:
In terms of these the four-velocity constraint u µ u µ = −1 is equivalent to
with the effective potential
It follows, that for 2 > 12M 2 there exist circular orbits with constant radial co-ordinate r. In fact, there are two types of circular orbits, a stable one at r = R + in the minimum of V , and an unstable one at r = R − in its maximum, with
For R = 6M and 2 = 12M 2 the effective potential V only has a point of inflection, and these two solutions coincide; this is the well-known innermost stable circular orbit (ISCO). For 2 < 12M 2 the potential V has no stable points for any , and no circular orbits exist. The expression for V for different circular orbits is conveniently parametrized by
Note that for orbits near the ISCO (small ξ), both the energy and angular momentum of circular orbits vary only as ξ 2 . As a result, for orbits near the ISCO the effective potential is very flat between R − and R + ; in fact, in the domain ξ < 0.3 the difference between maximum and minimum of V is less than 1 percent. In this paper we consider a second class of unstable orbits. These orbits lie completely within the ISCO, starting from and falling back into the horizon; therefore we refer to them as ballistic orbits. An example is shown in fig. 1 . We are especially interested in the class of orbits in 1-1-correspondence with circular geodesics, with the simple analytic representation
Here (R, e, A) are constants fixed by the values of ε and . More precisely, just like for circular orbits, there is only one independent parameter fixing a ballistic orbit, which we can choose to be the extremal point (apastron) r = R when Aϕ = π. Then the other constants defining the ballistic orbit are
It follows that these orbits only exist for 2M < R ≤ 6M , and the limiting case R = 6M is just the ISCO itself, with e = A = 0. For these orbits the value of the parameter ξ, defined in (5), is
from which it follows that
Thus it is established that these ballistic orbits inside the ISCO are degenerate in energy and angular momentum with the stable circular orbits outside the ISCO; see fig. 2 . In summary, we have analytic representations for three kinds of special geodesics: stable and unstable circular orbits with respectively
and special ballistic orbits with apastron
These ballistic orbits are always degenerate in energy and angular momentum with the stable circular orbit for the same ξ, whilst the unstable circular orbit at this ξ has a slightly higher energy; however, all three become degenerate at the ISCO where ξ = 0. Other ballistic orbits exist; an analytic representation for these can be obtained from the ones given in eqs. (6) and (7) by the method of geodesic deviations [11, 12] .
Infall on a ballistic orbit
As equation (6) is invariant under ϕ → −ϕ, the ballistic orbit is symmetric about the apastron r = R. The second half of the orbit describes the infall of a test mass from the apastron to the horizon. Now the degeneracy in energy and angular momentum of the ballistic orbits and circular orbits implies, that in both cases these quantities are greater than those of the ISCO. Thus it follows, that when a test particle in stable motion on the ISCO is slightly boosted with the correct angular momentum, it can either move up to a larger distance from the horizon on a stable circular orbit, or move down to such an infalling ballistic orbit of the same ε and . In real systems such a small boost could happen for instance by interaction with a third body passing by. In this section we describe the infalling orbit in some more detail. First note, that eq. (6) expresses the radial co-ordinate r as a function of ϕ. By using the constants of motion (1) we can also determine the explicit functional dependence of the co-ordinate time t and the proper time τ on the angle ϕ. The expression for proper time is the simplest one; it is obtained by integrating the relation
with the result
Here τ 0 is a constant of integration fixing the zero point of proper time. A convenient choice is to take τ = 0 at r = R. Similarly, we can solve for t as a function of ϕ by integrating
The result is
A typical orbit close to the ISCO, with e = 1.5×10 −3 is shown in fig. 3 . This orbit encircles the black hole about 20 times before plunging into the horizon. 
Gravitational waves
When a test mass µ falls towards the horizon on a ballistic orbit, it emits gravitational waves. In this section we compute the gravitational wave signal and establish that the total energy radiated is only a small fraction of the energy of motion of the test body; therefore the motion on such a geodesic should be a reliable approximation to the exact orbit of an infalling compact object. It is then of interest to compare these calculations in the limit of small e with known results for the infall of a compact body from the ISCO. Our computation of the gravitational wave signal for EMR systems is based on the Zerilli-Moncrief and Regge-Wheeler equations [20, 21, 22] 
where r * represents the standard radial 'tortoise' co-ordinate
whilst in terms of the original r-co-ordinatē
The expression forS lm on the right-hand side of eq. (17) represents the source terms for the gravitational waves generated by the motion of the compact object in the black-hole background. Explicit expressions for the source functions (F lm ZM/RW , G lm ZM/RW ) are given in the appendix. The gravitational-wave amplitudes observed at large distance from the source can be reconstructed from the solutions for ψ lm ZM/RW through the complex combination
with (h + , h × ) the two independent circular polarization modes of the waves in the T Tgauge, and −2 Y lm (θ, φ) the spin-weighted spherical harmonics. The rates at which energy and angular momentum are carried away by the gravitational waves are
We have computed numerical solutions for the angular modes ψ lm ZM/RW and the resulting metric perturbations h +,× , using a C ++ -implemented version of the Lousto-Price algorithm [16, 23] . The algorithm is based on dividing the (t, r * ) surfaces in Schwarzschild space-time into cells of equal area, which also represent cells of equal physical area. The differential equations (17) are discretized on this grid, and solutions are computed from appropriate initial conditions, such that further refinement of the grid does not change the result up to the desired accuracy.
To obtain a reliable wave signal for the infall on a ballistic orbit starting close to the ISCO from a quasi-periodic orbit, we consider a Schwarzschild space-time in which the inspiral of the test mass has produced a continuous set of outgoing gravitational waves. Realistic initial conditions are created by letting the test mass run on the ISCO for a sufficiently long period that any initial transient waves have passed the point where the observer is located and the wave forms are measured. We take this point to be in the equatorial plane at r = 500M .
Next we set the compact mass on a nearby ballistic orbit, and compute the resulting angular wave modes and metric perturbations. The instantaneous shift in the orbit, even if small, also produces a transient signal. However, for small e the ballistic orbit has an almost-periodic initial stage during which it runs close to the ISCO for a long time. During this time the original periodic signal is recovered to a very good approximation.
In fact, initial transients are common in standard numerical techniques, arising for example from the well-known Gibbs phenomenon [24, 25] . We have checked that changing the initial conditions in various ways, though affecting the transient signal, does not change the almost-periodic signal during the initial stage of the ballistic orbit, nor the development of the signal afterwards. Thus it is confirmed that, as in other numerical works [26, 27] , spurious transients appear only in the initial phase of the signal and are followed by numerically stable physical wave forms. Fig. 4 shows the results for the most relevant ZM-and RW-modes, for a system with mass ratio ν = µ/M = 10 −6 on a ballistic orbit with e = 1.5 × 10 3 , as observed from the equatorial plane. For convenience of representation the amplitudes have been rescaled by the inverse of the mass ratio. Inserting the results for the ψ lm ZM/RW into expression (19) for the gravitational wave amplitude produces the wave forms shown in figs. 5 and 6, as seen from two orthogonal directions in the equatorial plane. These figures confirm, that the compact mass µ keeps orbiting for about 20 revolutions quite close to the ISCO. However, once it reaches a radial distance r 5M the final stage of direct plunge towards the black hole sets in, during which the radial velocity becomes comparable to the transverse velocity. The signal then increases in amplitude quite fast, until it crosses the light ring at r = 3M . After that the gravitational waves red shift and quickly fade.
The change in the gravitational wave signal of the ballistic orbit from almost periodic to direct plunge can be identified more easily in the emitted energy and angular momentum, as is clear from figs. 7. The power peaks at time t = 1536.5M , shortly before the compact mass crosses the light ring. The total energy emitted during the infall on a ballistic orbit is a fraction 0.33 × 10 −4 of the original energy of motion of the infalling mass. The back reaction from such a small energy loss would only require a very tiny correction to the geodesic motion, as anticipated. 
Discussion
The ballistic orbits (6), (7) are exact solutions of the geodesic equation for Schwarzschild space-time. They describe the motion of a test mass rising up from the horizon to a maximum radial distance R < 6M , before plunging back into the horizon; for R close to 6M this includes a large number of turns around the black hole. As they can come arbitrarily close to the ISCO and are degenerate in energy and angular momentum with stable circular orbits, in the limit of small e they can be used to describe test masses infinitesimally boosted from the ISCO to the infalling part of a ballistic orbit. For such infalling test masses we have computed the gravitational waves emitted during the infall. The merger of such EMRs, characterized by an energy and an angular momentum only slightly higher than those on the ISCO, is divided into two phases. First the point mass µ follows an almost-circular orbit, for whichṙ rφ, up to r 5M , then a more straight plunge sets in and the radial velocity becomes comparable to the transverse velocity.
This subdivision in the orbit was already recognized in ref. [19] , when studying more general cases of black-hole coalescences. The first phase is characterized by almost-periodic gravitational radiation, very similar to the waves emitted by a compact mass in orbit on the ISCO. The second phase instead is much shorter and characterized by a burst of gravitational radiation in which the amplitude increases by a factor of two before the mass disappears effectively behind the light ring.
This general behavior is true for every value of eccentricity e, since any of them gives rise to a ballistic orbit starting at a different position. For matter of convenience we can express the apastron of these orbits as R = 6M (1 − δ). It is then straightforward to see that e = 2 3 δ.
When δ is small the test mass makes many turns around the black hole near its apastron, before starting on the final plunge to the horizon. Actually the number of revolutions around the central black hole M is strongly dependent on δ. One can calculate from expressions like (16) the time elapsed during plunge, from the apastron to the horizon r = 2M , and this time can vary in a range of values t 2M
∈ [60, 1000] for δ ∈ [10 −3 , 10 −1 ]. This can be seen by a synoptic comparison of the dominant component of the ReggeWheeler modes for different values of δ. In every case the wave form ends with a final burst standing out from the previous almost-periodic signal [26, 28, 29] , while the total duration of the plunge changes considerably.
If we are to use the ballistic orbits for the description of the infall phase of an EMR binary, we have to tune δ carefully. In fact it has been shown in [19, 29] that the number of revolutions during plunge from the ISCO for coalescences is roughly ∼ (4ν) −1/5 , where . Extending this to our EMR (ν = 10 −6 ) yields ∼ 19 revolutions, or δ ∼ 0.001 (e ∼ 0.0015). On the one hand having a bigger δ would give too few revolutions with µ starting farther away from the ISCO, on the other hand a smaller δ would imply too many almost-circular revolutions. Of course, for infall from the ISCO the number of almost-circular turns is determined by the energy loss from gravitational radiation. As the ballistic orbits are exact geodesics, they do not account for such energy loss, but we can tune δ to make up for this and obtain a realistic approximation.
Another feature of ballistic orbits in EMR binaries -similar to what is believed to happen for more general cases -is that the total energy emitted during infall is only a tiny fraction of the initial energy. It is far too small to exceed the potential barrier created by the Zerilli potential (18), which shows a maximum in the region close to the light-ring r 3M . Thus the final burst of gravitational waves reaching a distant observer occurs before the compact mass crosses this barrier. No substantial amount of radiation coming from the inner region r < 3M can be transmitted to the outer region [27, 30, 31, 32] .
If we now compare the wave forms from the ballistic infall with those computed for direct infall from the ISCO 3 , based on Post-Newtonian and Effective One-Body approximations [33] , we see that the ballistic EMRs share the same qualitative and, in the appropriate parameter domain, also quantitative behaviour. Indeed, it has been argued in the literature before [19] that in the particle limit ν → 0 the motion is driven mainly by the central black hole, leading to quasi-geodesic motion.
In summary, we have explored the nature of ballistic orbits in Schwarzschild spacetime, and established their degeneracy in the (ε, )-plane with circular orbits. We have computed gravitational wave signals for compact objects falling towards the horizon on such an orbit. We have argued that ballistic orbits with apastron close to 6M can provide good approximations to infall from bound orbits, in particular from the ISCO. Finally, we have confirmed earlier calculations that the total amount of energy converted into gravitational waves during the plunge phase is small, and that a quasi-geodetic description of this process for EMR binaries seems adequate.
The results reported here can be improved further by computing perturbative corrections to the orbits by the method of geodesic deviations, as was done for the quasi-periodic motion during the inspiral phase in refs. [13, 14] . 
